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a b s t r a c t
In this paper, we introduce a new type of fuzzy topological entropy of a fuzzy continuous
function ψ : X → X , where X is an arbitrary fuzzy topological space, and investigate
several of its properties. We also establish that, for fuzzy compact spaces, this new concept
of fuzzy topological entropy coincides with the fuzzy topological entropy of İsmail Tok
(2005) [11].
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
An important application of covering properties of topological spaces is topological entropy. In 1965, Adler et al. [1]
introduced the concept of topological entropy of continuous functions for a compact dynamical system on general
topological spaces; subsequently, this was generalized by Liu et al. [2] for an arbitrary dynamical system. This concept
is of great interest among mathematicians, especially topologists. Already, many researchers have studied the concept
of topological entropy. Some of the research works are found in the papers of Bowen [3], Cánovas and Rodríguez [4],
Goodwyn [5,6], Kwietniak and Oprocha [7], and Thomas [8]. Bowen [9] generalized the concept of topological entropy due
to Adler et al. [1] that is metric dependent. Peña and López [10] introduced the concept of topological entropy for induced
hyperspace maps. In 2005, İsmail Tok [11] fuzzified the concept of topological entropy for fuzzy compact topological spaces
and introduced the concept of fuzzy topological entropy.
In this paper, the concept of fuzzy topological entropy has been generalized to arbitrary fuzzy topological spaces, and
several of its properties are investigated. It has been shown that, for fuzzy compact spaces, this new fuzzy topological entropy
coincides with the fuzzy entropy due to İsmail Tok [11].
2. Preliminaries
Throughout this paper, spaces (X, δ) and (Y , σ ) (or simply X and Y ) represent non-empty fuzzy topological spaces due
to Chang [12], and the symbols I and IX have been used for the unit closed interval [0, 1] and the set of all functions with
domain X and codomain I , respectively. The support of a fuzzy set A is the set {x ∈ X : A(x) > 0}, and is denoted by supp(A).
A fuzzy set with only one non-zero value p ∈ (0, 1] at only one element x ∈ X is called a fuzzy point, and is denoted by xp,
and the set of all fuzzy points of a fuzzy topological space is denoted by Pt(X). For any two fuzzy sets A, B of X , A ≤ B if and
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only if A(x) ≤ B(x) for all x ∈ X . A fuzzy point xp is said to be in a fuzzy set A (denoted by xp ∈ A) if xp ≤ A, i.e., if p ≤ A(x). The
constant fuzzy sets of X with values 0 and 1 are denoted by 0
¯
and 1
¯
, respectively. A fuzzy set A is said to be quasi-coincident
with B (written as AqˆB) [13] if A(x)+B(x) > 1 for some x ∈ X . A fuzzy set A is said to be not quasi-coincident with B (written
as Aq¯B) [13] if A(x) + B(x) ≤ 1, for all x ∈ X . A fuzzy open set A of X is called a fuzzy quasi-neighborhood of a fuzzy point
xp if xpqˆA, and the collection of all fuzzy quasi-neighborhoods of a fuzzy point xp is denoted by FQN(X, xp). A collectionΣ of
fuzzy sets in X is called a fuzzy cover of 1
¯
if
{A : A ∈ Σ} =1
¯
, i.e., if sup{U(x) : U ∈ Σ} = 1, for all x ∈ X . A fuzzy topological
space X is said to be fuzzy compact if every fuzzy cover of 1
¯
by its fuzzy open sets has a finite subcover of 1
¯
. It is well known
that a function ψ : X → Y is fuzzy continuous if ψ−1(U) is fuzzy open in X for each fuzzy open set U in Y . In this paper,
the cardinalities of an ordinary set K and of the set N of all natural numbers are denoted by | K | and ℵ0, respectively. Let X
be a fuzzy compact space and let Σ be an open cover of X . Denote the smallest cardinality of all subcovers (for X) of Σ by
NX (Σ), i.e., NX (Σ) = min{| Ω |: Ω ⊂ Σ and Ω is a cover of X}. Since X is fuzzy compact, N(Σ) is a positive integer. Let
Ht(Σ, X)[Ht(Σ), for short] = logNX (Σ). Then, İsmail Tok [11] has shown that, for a fuzzy compact topological space and
fuzzy continuous functionψ , ht(ψ,Σ, X) = limn→∞ 1nHt(∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n−1}) (called the fuzzy topological
entropy of the fuzzy continuous function ψ with respect to the open coverΣ) exists. And ht(ψ, X) = sup{ht(ψ,Σ, X) : Σ
is an open cover of X} is called the fuzzy topological entropy of the fuzzy continuous function ψ .
3. Fuzzy topological entropy
Definition 3.1. Let (X, δ) be a fuzzy topological space and let ψ : X → X be a fuzzy continuous function. Then the pair
(X, ψ) is called a fuzzy dynamical system. If X is fuzzy compact, (X, ψ) is called a fuzzy compact dynamical system.
Definition 3.2. Let (X, ψ) be a fuzzy dynamical system, let Σ be a fuzzy open cover of X , and let K be a non-empty
fuzzy compact subset of X such that ψ(K) ≤ K . Let SK (Σ) be the smallest cardinality of all subcovers (for K ) of Σ , i.e.,
SK (Σ) = min{| Ω |: Ω ⊂ Σ, K ≤ ∨Ω}. Since K is fuzzy compact, SK (Σ) is a positive integer. Let HK (Σ) = log SK (Σ).
LetΣ andΩ be two open covers of X . Define their join byΣ ∨Ω = {U ∧ V : U ∈ Σ, V ∈ Ω}. Clearly, the joinΣ ∨Ω is
an open cover of X . It is well known thatΩ is called a refinement ofΣ (denoted byΣ ≺ Ω) if, for each V ∈ Ω , there exists
an U ∈ Σ such that V ≤ U .
Theorem 3.3. Let (X, ψ) be a fuzzy dynamical system, let Σ and Ω be open covers of X, and let K be a non-empty compact
subset of X such that ψ(K) ≤ K . Then the following hold.
(a) HK (Σ) ≥ 0.
(b) Ω ≺ Σ implies that HK (Σ) ≤ HK (Ω).
(c) HK (Σ ∨Ω) ≤ HK (Σ)+ HK (Ω).
(d) HK (ψ−1(Σ)) ≤ HK (Σ). When ψ(K) = K, the equality holds.
Proof. The proofs of (a), (b), and (c) are straightforward and so we only prove (d).
Let HK (Σ) = n. Then there exists a subcover {U1,U2, . . . ,Un} (for K ) of Σ . Since ψ is fuzzy continuous, {ψ−1(U1),
ψ−1(U2), . . . , ψ−1(Un)} is a subcover (for ψ−1(K)) of ψ−1(Σ). Again, since ψ(K) ≤ K , i.e., K ≤ ψ−1(K), {ψ−1(U1),
ψ−1(U2), . . . , ψ−1(Un)} is a finite fuzzy open subcover (for K ) of ψ−1(Σ). Therefore, HK (ψ−1(Σ)) ≤ n = HK (Σ).
Now, suppose that ψ(K) = K and HK (ψ−1(Σ)) = p. Let {ψ−1(V1), ψ−1(V2), . . . , ψ−1(Vp)} be a finite open subcover
(for K ) of ψ−1(Σ). Therefore, K ≤ ∨{ψ−1(Vi) : i = 1, 2, . . . , p}, and so ψ(K) ≤ ψ(∨{ψ−1(Vi) : i = 1, 2, . . . , p}) = ∨{ψ
(ψ−1(Vi)) : i = 1, 2, . . . , p} ≤ ∨{Vi : i = 1, 2, . . . , p}. Since ψ(K) = K , {Vi : i = 1, 2, . . . , p} is a fuzzy open subcover
(for K ) ofΣ . Hence HK (Σ) ≤ p, and so, by the first part of (d), HK (ψ−1(Σ)) = HK (Σ). 
Theorem 3.4. Let (X, ψ) be a fuzzy compact dynamical system, let Σ be a fuzzy open cover of X, and let K be a non-empty
compact subset of X such that ψ(K) ≤ K. Then limn→∞ 1nHK (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n− 1}) exists.
Proof. Let tn = HK (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1}). From the results given in [14] and [15], it is sufficient to
show that tn+p ≤ tn + tp. Theorem 3.3(d) implies that HK (ψ−1(Σ)) ≤ HK (Σ), and so HK (ψ−i(Σ)) ≤ HK (ψ−j(Σ)) for
i = 0, 1, 2, . . . , n, and for j ≤ i. Hence tn+p = HK (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n + p − 1}) = HK ((∨{ψ−i(Σ) : i = 0,
1, 2, . . . , n−1}))∨(∨{ψ−i(Σ) : i = n, n+1, . . . , n+p−1}) ≤ HK ((∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n−1}))+HK ((∨{ψ−i(Σ) :
i = n, n+1, . . . , n+p−1})) = HK ((∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n−1}))+HK (ψ−i(∨{Σ : i = n, n+1, . . . , n+p−1})) ≤
HK ((∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1})) + HK (ψ−j(∨{Σ : j = 0, 1, 2, . . . , p − 1})) = HK ((∨{ψ−i(Σ) : i = 0,
1, 2, . . . , n− 1}))+ HK ((∨{ψ−j(Σ) : j = 0, 1, 2, . . . , p− 1})). So tn+p ≤ tn + tp. 
Definition 3.5. Let (X, ψ) be a fuzzy topological dynamical system, let C(X, ψ) be the set {K ∈ P(X) − {∅} : K is
fuzzy compact such that ψ(K) ≤ K}, and let Σ be a fuzzy open cover of X . Then, for K ∈ C(X, ψ), Ent⋆(ψ,Σ, K) =
limn→∞ 1nHK (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1}) is called the fuzzy topological entropy of ψ on K relative to Σ and
Ent⋆(ψ, K) = sup{Ent⋆(ψ,Σ, K) : Σ is a fuzzy open cover of X} is called the fuzzy topological entropy of ψ on K .
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Theorem 3.6. Let (X, ψ) be a fuzzy topological dynamical system, let 1
¯
∈ C(X, ψ), and let Σ be a fuzzy open cover of X. Then
Ent⋆(ψ,Σ, X) = ht(ψ,Σ, X).
Proof. Since Ent⋆(ψ,Σ, X) = limn→∞ 1n LX (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1}) and ht(ψ,Σ, X) = limn→∞ 1nHt(∨{ψ−i
(Σ) : i = 0, 1, 2, . . . , n − 1}), it is sufficient to show that SX (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1}) = NX (∨{ψ−i(Σ) : i =
0, 1, 2, . . . , n− 1}). Let NX (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n− 1}) = s. Then there exists a finite subcover {U1,U2, . . . ,Us} of
∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1} for X . Then, for each j ∈ {1, 2, . . . , s}, there exist U0j ,U1j ,U2j , . . . ,Un−1j ∈ Σ such that
Uj = ∧{ψ−i(U ij ) : i = 0, 1, 2, . . . , n−1}. LetVj = ∧{ψ−i(U ij ) : i = 0, 1, 2, . . . , n−1}. ThenUj ≤ Vj for each j ∈ {1, 2, . . . , s},
and so {V1, V2, . . . , Vs} is a finite subcover of ∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1} for X . Thus SX (∨{ψ−i(Σ) : i = 0, 1,
2, . . . , n− 1}) ≤ NX (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n− 1}).
Conversely, let SX (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1}) = p. Then there exists a finite subcover {G1,G2, . . . ,Gp} of
∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1} for X . Then, for each j ∈ {1, 2, . . . , p}, there exist G0j ,G1j ,G2j , . . . ,Gn−1j ∈ Σ such that
Gj = ∧{ψ−i(Gij) : i = 0, 1, 2, . . . , n − 1}. Then 1¯ = ∨{∧{(ψ
−i(Gij)) : i = 0, 1, 2, . . . , n − 1}, j = 1, 2, . . . , p}. Hence
NX (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n− 1}) ≤ p = SX (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n− 1}). This completes the proof. 
Theorem 3.7. Let (X, ψ) be a fuzzy topological dynamical system, let K1, K2 ∈ C(X, ψ) with K1 ≤ K2, and let Σ be a fuzzy
open cover of X. Then
(i) Ent⋆(ψ,Σ, K1) ≤ Ent⋆(ψ,Σ, K2) and
(ii) Ent⋆(ψ, K1) ≤ Ent⋆(ψ, K2).
Proof. (i) Let SK2(∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1}) = p. Then there exists a fuzzy open subcover {U1,U2, . . . ,Up} of
∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1} for K2. Since K1 ≤ K2, {U1,U2, . . . ,Up} is also a subcover of ∨{ψ−i(Σ) : i = 0,
1, 2, . . . , n − 1} for K1, and hence SK1(∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n − 1}) ≤ p = SK2(∨{ψ−i(Σ) : i = 0, 1, 2, . . . ,
n−1}). So HK1(∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n−1}) ≤ SK2(∨{ψ−i(Σ) : i = 0, 1, 2, . . . , n−1}). Thus Ent⋆(ψ,Σ, K1) ≤
Ent⋆(ψ,Σ, K2).
(ii) Here, by (i), Ent⋆(ψ, K1) = sup{Ent⋆(ψ,Σ, K1) : Σ is a fuzzy open cover of X} ≤ sup{Ent⋆(ψ,Σ, K2) : Σ is an open
cover of X} = Ent⋆(ψ, K2). 
Definition 3.8. Let (X, ψ) be a fuzzy topological dynamical system. Then Ent⋆(ψ) = sup{Ent⋆(ψ, K) : K ∈ C(X, ψ)} is
called the fuzzy topological entropy of ψ . For the special case C(X, ψ) = ∅, Ent⋆(ψ) = 0 is taken.
İsmail Tok [11] has defined fuzzy topological entropy only on fuzzy compact spaces, and we have defined the fuzzy
topological entropy on arbitrary topological spaces. Nowweestablish that, in the case of fuzzy compact spaces, our definition
of fuzzy topological entropy coincides with the fuzzy topological entropy of İsmail Tok [11].
Theorem 3.9. Let (X, ψ) be fuzzy compact topological dynamical system. Then Ent⋆(ψ) = ht(ψ, X).
Proof. Since X is fuzzy compact, C(X, ψ) ≠ ∅. Now, by Theorem 3.7, Ent⋆(ψ) = Ent⋆(ψ, X). Again, by Theorem 3.6,
Ent⋆(ψ,Σ, X) = ht(ψ,Σ, X), and so Ent⋆(ψ) = Ent⋆(ψ, X) = ht(ψ, X). 
Theorem 3.10. Let X be any fuzzy topological space and let ı : X → X be the identity function. Then Ent⋆(ı) = 0.
Proof. LetΣ be any fuzzy open cover of X and let K ∈ C(X, ı). Then, by Theorem 3.3,∨{ı−i(Σ) : i = 0, 1, 2, . . . , n−1} ≺ Σ
implies that HK (∨{ı−i(Σ) : i = 0, 1, 2, . . . , n − 1}) ≤ HK (Σ), and so Ent⋆(ı,Σ, K) = limn→∞ 1nHK (∨{ı−i(Σ) : i = 0, 1,
2, . . . , n− 1}) ≤ limn→∞ 1nHK (Σ) = 0, i.e., Ent⋆(ı,Σ, K) = 0 for each K ∈ C(X, ψ) and for each fuzzy open coverΣ of X .
Therefore, Ent⋆(ı, K) = sup{Ent⋆(ı,Σ, K) : K ∈ C(X, ı)} = 0, for each K ∈ C(X, ψ), and hence Ent⋆(ı) = sup{Ent⋆(ı,Σ) : Σ
is any fuzzy open cover of X} = 0. 
Theorem 3.11. Let X be any fuzzy topological space, let ψ : X → X be any fuzzy continuous function, and let p ∈ Z+. Then
Ent⋆(ψp) ≥ p.Ent⋆(ψ). When C(X, ψp) = C(X, ψ), the equality holds.
Proof. If C(X, ψ) = ∅, then there is nothing to prove. So we take C(X, ψ) ≠ ∅. It is obvious that C(X, ψ) ≤ C(X, ψp).
Let Σ be any fuzzy open cover of X and let K ∈ C(X, ψp). Then HK (∨{(ψp)−i(∨{ψ−j(Σ)) : j = 0, 1, 2, . . . , p − 1}, i =
0, 1, 2, . . . , n − 1}) = HK (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , np − 1}). Let Ω = ∨{ψ−j(Σ) : j = 0, 1, 2, . . . , p − 1}. Then
Ent⋆(ψp,Ω, K) = limn→∞ 1nHK (∨{(ψp)−i(Ω) : i = 0, 1, 2, . . . , n − 1}) = limn→∞ 1nHK (∨{(ψp)−i(∨{ψ−j(Σ) : j = 0,
1, 2, . . . , p − 1}) : i = 0, 1, 2, . . . , n − 1}) = limn→∞ 1nHK (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , np − 1}) = p. limn→∞ 1npHK
(∨{ψ−i(Σ) : i = 0, 1, 2, . . . , np − 1}) = p.Ent⋆(ψ,Σ, K). Thus Ent⋆(ψp) ≥ Ent⋆(ψp, K) ≥ Ent⋆(ψp,Ω, K) = p.Ent⋆(ψ,
Σ, K), for every fuzzy open coverΣ of X and for every K ∈ C(X, ψ), and hence Ent⋆(ψp) ≥ p.Ent⋆(ψ). 
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Now, let C(X, ψp) = C(X, ψ). If C(X, ψ) = ∅, then Ent⋆(ψp) = 0 = Ent⋆(ψ). So we consider C(X, ψ) ≠ ∅. LetΣ be any
fuzzy open cover of X and let K ∈ C(X, ψ) = C(X, ψp). Since ∨{(ψp)−i(Σ) : i = 0, 1, 2, . . . , n− 1} ≺ ∨{ψ−i(Σ) : i = 0,
1, 2, . . . , np−1}, Ent⋆(ψp,Ω, K) = limn→∞ 1nHK (∨{(ψp)−i(∨{ψ−j(Σ) : j = 0, 1, 2, . . . , p−1}) : i = 0, 1, 2, . . . , n−1}) ≤
p. limn→∞ 1npHK (∨{ψ−i(Σ) : i = 0, 1, 2, . . . , np−1}) = p.Ent⋆(ψ,Ω, K). So Ent⋆(ψp,Ω, K) ≤ p.Ent⋆(ψ,Ω, K), for every
fuzzy open cover Σ of X and for every K ∈ C(X, ψ), and hence Ent⋆(ψp) ≤ p.Ent⋆(ψ). Therefore, by the first part of the
theorem, Ent⋆(ψp) = p.Ent⋆(ψ).
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